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1. Introduct:* on 

The jurpcse of this paper is to study the behavior as 
t ~> co of solutions of a system of two nonlinear equations of the 
form 


( 1 . 1 ) 


x l^ 


t 

(t-s)g 1 (s,x 1 (s))f 1 .s 


t 

- / a 2 (t,s)g 2 (s,x 2 (s))ds. 


t 

X 2 (^) f 2 ( t ) “ / a 2 ( t - s )e 1 ( s ; x J ( s )) ds 

o 

t 

- / a 1 (t-s)g 2 (s,x 2 (s))ds 


Where f^(t) and f 2 (t) are asymptotically almost periodic and 
both g^(t,x) and x) are almost periodic in t uniformly 

for x on compact sets. We seek conditions which guarantee that 
the solutions x^(t) an< ^ x 2 (t) (1«1) exist for all t ^ 0 

and are asymptotically almost periodic. 

System (1,1) arises in a natural way from the partial 


differential equation 


Uj_ = u 


XX 


( 1 . 2 ) 


(t > 0, 0 < x < L) 


V 


s 


y\ ;*•: initial conditions 


0-2) 


u(0,x) « P(x) 


(0 < x < T.A 


and nonlinear boundary conditions of the fora 


(i.'O 


u x (^;0) w g^(t,u(t,0)) ; U^(t,L) ” -&2 (t,u(t,0 ) ) > 


for all t > 0. Indeed, if A. (t) « u (t,0) and. Ap(t) ■- u (t,L) 

J- X X 

1 

are assumed to be known functions and if A. e C[0, «) f"l C’*(0,«>) 

with A.(t) absolutely continuous in a neighborhood of t ~ 0, 

3 

then well-known elementary methods imply that 


00 p 

(1.5) u(t,x) - F./2 + Z F exp (-(mr/L) t)cos (mix/L) 

0 n=l n 


+ L*" 1 / {1+2 Z exp {-(n7r/L) 2 (t-s))cos (wnc/L)A^(s)ds 
o n=l 


- L ■*■/ {1**2 Z (-l) n exp {- (mr/Lj d (t-s))cos (nirx/L)Ap(s)ds 
o n=l 


t 


oo 


.2 


where 


( 1 . 6 ) 


F = (2/l)/ F(x)cos (nT/x/L)dx 
o 


(n » 0,1,2,...) 


is the sequence of Fourier cosine coefficients of F. Setting 
x = 0 and the*',, x = L in (1.5) and using (1.4) one obtains the 
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(1.7a) 


u(t,0) « F /P. -i 7 F exp {- (mr/L)‘ % t} 

v •* XX 

n-1 

T t co 

-L "f (1+2 >‘ oxp (-(mr/j,) (t~f;)}s 1 (-,u(f5,0))dr, 
o n»l 


-L" 1 / (1+2 E (-l) n cxn (-.(n7r/L) K (t-s)}ep(s,u(s,L))afj, 
o n—1 


and 


(l.Tb) u(t,I.) = F o /2 + SP (-l) n oxp {-(njr/L) 2 t) 

n-1 

1 t » 0 

-L~ / (1+2 E (-l) n cxp (-(n 7 r/L)“(t-s)} 3 1 (s > x :1 (s))ds 
o n=l 

t 00 

-L" 1 / (1+2 7, exp (-(mr/L) 2 (t-s)}g 2 (s,x 2 (s))ds. 
o n-l “ ^ 

Equations (1.7) clearly have the form (1.1) with x^(t) = u(t,0) 
and x 2 (t) » u(t,L). On the other hand if u(t,0) and u(t,L) 
are the known unique solutions of (1.7), then u(t,x) may he ob- 
tained using (1.4) and then (1,5) » This formal equivalence of 
(1,2-4) and (1.7) will be made precise in section II below. 

Equations (1,2-4) and also our assumption of almost 
periodicity may be physically motivated using C. C. Lin’s theory of 
superfluidity of helium, c.f. [1], In three dimensional space with 
coordinates (x,y,z) let the planes x = 0 and x = L represent 
two infinite plates. Suppose the region 0 < x < L between these 


4 


platan ir. filled with .liquid fr'lSma initially at rest* If the 
boundary plates x - 0 and x » L are both given signor, old 
oscillations in the y-direetion, then a one- dimensional flow will be 
sot up in the liquid. Lot u(t,x) be the velocity profile at time 
t > 0 of any point (x,y,z) with first coordinate x. Then u(t,x) 
satisfies (1.2) and (1,5), F(x) « 0. Lin’s theory implies boundary 
conditions of the form (1.4), indeed 


(1.8) g i (t,u) - B(u-C sin (fcnt))^ 

for i a 1,2 where B and C are positive constants. For this 
problem we prove the followings 

2 

Theorem 1. Suppose F e C [0,L], Let g^(t,u) be given by (1.8) 
where B > 0, C -J 0 and ^ 0. Then (1.7) has unique continuous 
solutions X.. (t) = u(t,0) and x 2 (t) = u 0k>k) defined for all 
t § 0. Moreover, there exist two almost periodic functions X^(t) 
with Fourier series of the form 


(1-9) 


X 3 (t) 


00 

S 


m,n=-» 


X mn exp ( i ( mk l +nk 2) t ) 


such that 


lim (x^(t) - X^(t)} = 0 a£ t -» 00. 


This roou.lt follows an a special cane of more general theorems 

+ 

which will be prove 3 below. These more general theorems concern a 
two-dimensional system of the form 

t 

(E) x(t) - f(t) - / A(t-s)G(s,x(s))ds, 

o 

where A(t) is a matrix of the form 


A(t) = 




In section 3 we use the special form of A(t) to show that system 
(E) may be transformed into an equivalent system of the form 

t 

(E n ) y(t) = / Rjj(t-s) (y(s) - G N (s,y(s))}ds 

o 

where R^(t) is a positive definite, diagonal matrix of class 
L"^(0,«). Subsequent work deals with equations of the form (E^) 
rather than directly with (E). 

Section 4 contains results concerning the global existence 
and boundedness of solutions of (E^) . In section 5 we study the 
existence and uniqueness of almost periodic solutions of a related 


equation of the form 


c 


( 1 . 10 ) 


Y(t) « / K (t-B)(Y(s) 

-CO ^ 


- Gjj(fi,Y(s)))& 


In the last section we show th?t the solutions y(t) ani Y(t) of 
(E^) anl (1.10) r.ro asymptotic, that is 


lim (y(t) - Y(t)) ss 0 as t -> <*> 0 


Transforming (E^) back to (E) then yields Theorem 1 as a corollary. 
Section 6 also contains results concerning the mean values of the 
solution x(t) of (E) . This information on mean values is 
important in any study of the behavior of the nonlinear problem 

(1.2-4). 

If L = +oo and if the second boundary condition in (1.4) 
is dropped, then (1.2-4) and (1.8) model the limiting case of a one- 
dimensional flow in a half space. This problem has been studied by 
Levinson [2], Some of Levinson’s results have been generalized in 
papers of Friedman [3, 4] and Miller [5]. A similar problem in- 
volving heat flow has been extensively studied by Mann and Wolf [6] 
and others [7, 8, 9]» The methods used in this paper are extensions 
of the methods used in [5]. The main tools in our analysis will be 
the "variation of constants" equation (E^) and invariance results 
similar to those used in [3, section V]. 
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2. Equivalent of the Problems 

p 

Let K demote real Euclid, en two-d Pirns ion - *? r: 'v?e of 
column vectors- x « col (x^x^), Thmi$v^«t the remainder of this 
Paper the* no»n |x| in R 2 will always m-.-an 


|x| « max (IxJ, |x 2 |}. 

Many of our results are explicitly dependent on the use of this norm 
rather than some other equivalent norm. 

Define 


(2.1a) 


00 


f l ( t ) - F 0 / 2 + S F q exp (-(mr/L) A t}, 
n=l 


and 


(2.1b) 


S3 


f 2 (t) = F q /2 + Z F n (-l) n exp (-(nF/L) 2 t) 
n=l 


where F^ is defined by (1.6). Define 


(2.2a) 


00 


a x (t) = (1+2 Z exp C-(to/L) t))/L 
n=l 


(2.2b) 


00 


a 2 ^) = ( 1+2 £ (-l) n exp {-(mr/L) t})/L 
n=l 


and 
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x(t) 



f(t) « 


Kw \ 
) 


Lot A(t) be tbo matrix 


(2.4) 




0 


Then equation (1.7) has the form (E) where 


(2.5) 


G(t,x) 


/g 1 (t,x 1 ) 


Theorem 2. Suppose u(t,x) is a function which satisfies the 
following conditions t 

(i) u(t,x) is continuous on {0 £ t < «, 0 § x ^ L). 

(ii) u, and u exist and are continuous for all 
(t,x) in the set {0 < t < «, 0 < x < L} . 

(iii) u(t,x) satisfies (1.2), (1.5) and also (1.4) in the 
sense that 


lira u (t,x) = g (t,u(t,0)) 
x -* 0+ X 


0 


and 


3,3m u x (t,x) -& g (t,u(t,L)). (t > 0) 
x -> r r 

(iv) The f unfi t Jon s (t) ^ g(t,u(t,0)) and A g (b) « 

-p g (t,u(t ; L)) are of class C[0_,w) n C(0,») and 
are abso.l.uteJ.y continuous in a neighborhood of 
t = 0. 

2 3 

If F eC [Q,L] and if g 1 ,g g e C for all then the functions 

^(t) « u(t,0), x g (t) « u(t,L) 
satisfy (1.1) for all t % 0. 

p 

Proof . .Define functions a(x) - x /2L, K(t,x) = a(x)A g (t) - 
o;(L-x)A 1 (t) and v(t,x) = u(t,x) - K(t,x). Then 

v t " v xx s = oc(x)A^(t) - a(L-x)A£(t) 

+ (A g (t) - A x (t))/L, 
v x (t,0) = v x (t,L) = 0, 


and 


v(0,x) = H(x) =P(x) - a(x)A 2 (0) + a(L-x)A 1 (0). 
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The, functions H and Q, are. sufficiently smooth in oi-dor to 
uniquely solve for v(t,x) in the usual way, c.f. [10, Theorems 1 
and 2]. Therefore 

(2.6) u(t,x) " K(t,x) + v(t,x) 

00 

= K(t,x) + II /2 + Z K exp (- (mr/l)‘*t}cos (mrx/h) 

U n XJL 

n=l 

t h ~ p 

+ / / {If* + Z exp (- (vxir/l.) (t-s) }cos (nuy/L) 
o o n=l 

cos (nTfx/ J,) } Q, ( s , y ) dyds . 

Here H n is the sequence of Fourier cosine coefficients of H, By 
the definition of a(x) it follows that 

00 

a(x) as l/6 + 2 Z (-l) n L 2 (n7r)" 2 cos (nnx/L) 
n=l 


and 


a(L-x) as l/6 + 2 Z L (mr)~ cos (mrx/L) 

n-1 

when 0 < x < L. Therefore, the definitions of K,Q and H to- 
gether with integration by parts suffice to put the above expression 
for u(t,x) into the form (1.5). Since u(t,x) is continuous, then 
setting x = 0 and x = L in (1.5) yields (1,7) • Q.E.D. 

j* 

2 

Theorem 3* Suppose (2.1-5) are true, F € C [0,1] and the functions 
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Cjfau) 

solution 


ana £ g (t,u) ar>? of class C 1 for all (t,u). If the 
x(t) of equati on (K) exists for all t i? 0 ; then 


u(t,0) « Xj (t) and u(t,Ii) « x 0 (t) are the boundary vain. os of a 
fu nctio n u(t,x) which satisfies conditions (i) - (iv) of Theore m 2, 


2 

Proof p The* conditions P e C*[0,L] and (2.1) are sufficient to in- 

i 

sure that f c C[0,<») n C (0,<») and that f is locally of class 

1 1 
L on 0 £ t < oo. since and gg e C , then it follows from 

results in [31] that x^ (t ) and x 2 (t) have these same smoothness 

i 1 

properties, that is x(t) € C[0,<») n C (0,») and x’ (t) e L near 
t » 0. 

Define A JL (t) = ^O^x^t)), A 2 ft) = -Sgft/Kgft)) and 
define u(t,x) by line (1.5). Condition (i) of Theorem 2 can 
easily he verified directly using (1.5) « Since A^(t) and Ag(t) 
are smooth, the steps in the proof of Theorem 2 can he reversed to 
obtain (2.6). Therefore, the results in [10] imply (ii), (1.2), 
(1.3) and the boundary conditions 

lim u (t,x) =.A..(t), lim u (t,x) = A p (t). 

^ X -L . *r X 


Setting x = 0 in (1.5) and using the present definitions 
of A^ and A^ it follows that 

t 

u(t,0) = f^t) - / a i (t-s)g 1 (s,x 1 (s))ds 

o 

t 

- / a 2 (t-s)g^(s,x 2 (s))ds. 



(There 3s a sjjnilar formula for u(t_, L) . ) Comparing this with (1.1a) 
one sees that u(t,0) - x^(t) for all t £ 0. Similarly u(t,L) = 
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5. Preliminary Transformations 

Given any matrix A(t) the resolvent R(t) of A(t) is 
define'.! to be the solution of the linear equation 

t 

(5.1) R(t) « A(t) - / A(t~s)R(s)ds. 

o 

q 

If the entries of A(t) are locally of class L on 0 £ t < w 
then it is known (c.f. [12, Chapter IV]) that R(t) exists a.e., 
is locally L**" on 0 £ t < co, and R(t) also satisfies the equation 

t 

(5.1* ) R(t) = A(t) - / R(t-s)A(s)ds 

o 

a.e. on 0 < t < «>„ 

Let Q denote the symmetric, unitary matrix 


(5.2) 


Q = 2" 1 / 2 


1 

1 



Then clearly Q diagonalizes any matrix of the form (2.4), that is 
QA(t)Q is diagonal. 

Lemma 1. Suppose A(t) is any matrix of the form (2.4) where a-, (t) 
and a^(t) a re locally L"*" on 0 I t < «, For any N > 0 define 



■Ajj ( t) - hQA.(t)Q 

% 

and let R^(t) bo the resolvent of A^ : (t ) . T hen the following 
statem ents are t rne! 

(i) A^(t) - N diagonal (a ± (t) + ^(t), a^t) - ^(t)). 

(ii) R^t) » diagonal (^(t), ^(t)), 

(iii) If a^(t) and a 2 (t) are defined by (2.2) then 

A iN (t) and (t) are positive and cont inuous 
on 0 < t < oo and 

00 00 

/ ^ujWat = 1, ; AgjjCtjat < 1. 

o o 

Proof . The first two parts follow immediately from (3*2) and 
equation (3.1) for the resolvent. Indeed, A-^(t) is the resolvent 
of the scaler function 


Wj/t) = N[a^(t) + a 2 (t)} 

and \-,^(t) resolvent of the function 

W 2 (t) = N( ai (t) - a 2 (t)). 

If (2.2) is true, then 

W^t) = N(2 + k Z exp {-(n7r/L) 2 t}) 

n even 



W p (t) - ii (4 S exp (-(nF/l»;t)} . 
n odd 


These formulas show that and Wg are noneons t ant, locally in- 

tegrable, and completely monic on 0 < t < «, that is 

(-1) ^ (W, ) ^ ^ (t) > 0 for 0 < t < «>, j « 0,1,2,... and k = 1,2. 

It follows from a theorem of Reuter [13] that (t) is completely 
monic on 0 < t < «>. The results in section II of [5] immediately 
give the two integral integral estimates in (iii). Q.E.D. 


Lemma 2„ Suppos e (E) satisfies (2.3-4), Q is defined by (3.2) and 
both a^(t) and ag(t) are functions which are locally on 

0 ^ t < w. For any fixed N > 0 let R^ be the resolvent of the 
matrix valued function A^t) = WQA(t)Q. Then the transformation 


y = Q{x-f (t) } (or x = Qy + f(t)) 


may be used to transform (E) into the equivalent system 

t 

(E n ) y(t) = / B N (tls)(y(s) - G N (s,y(s))}ds 


where 


(5-5) 0 K (t,y) = QG(t,Qy+f(t))/H. 

Proof. Define 5(t) = diagonal (5 (t), 8^(t)) where 5^(t) is the 
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Dirac delta function. Lot * denote the convolution operation. 
Then the resolvent equation 


t 



may be written in tho symbolic form 

®> = a n - a n * *a 

or, equivalently 

(3.4) (B-RjjX&fAj,) = 6. 

Equation (E) has the form x = f - A*G(x)„ If y = Q(x-f) then (E) 
becomes 

y = -(QA)*G(Qy+f) 

= -N(QAQ)*(QG(Qy+f)/N) 

= -V G H (y) ' 

Adding A^*y to both sides of this equation yields 
y + A fJ *y = (£+A N )*y = A^fy-G^y)) . 


Applying 6 - to both sides and using (3 .4) one obtains 



IT 


y s &xy* (8-R N )*(&-A lf )*y ® ( 5 “ V*V (y “ C V y ^ 
or 


y = R N ^<(y-G N (y)}. 

This is equation (E^) . The calculation is completely reversible so 
that (E^) also implies (E)« Q.E e D 0 
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4. Existence of Bounded Solutions 

As cum - i the functions f,G and A of equation (E) satisfy 
the following conditions! 

(AT) f,A and Cr satisfy (2.2-lf). 

(AS) f c C[0,«>) and f(t) is hounded on [0,w). 

(A3) G(t,x) e C(R^) and G(t,0) n 0 for all t «* 0. 

(A4) There exist positive numbers N and K such 

that if | y | s* K then |y-G N (t,y)| £ K uni- 
formly in t e R 1 . 

Note that more generally one could assume the existence of 
a vector valued function r(t) such that G(t,r(t)) = 0 for all 

t ^ 0. (This is the situation in Theorem 1 above.) However, the 

transformation X = x - r(t) puts (E) in the form 

t 

x(t) * (f(t) - r (t)) - / A(t-s)G(s,r (s) + X(s))ds. 

o 

If r(t) is continuous and if |f(t) - r(t)| is bounded, then the 
new equation satisfies (A3). 

Theorem 4. Suppose (Al-4), (3.2) and (3.3) are all true . Then there 
exists a solution x(t) of (E) such that | x (t ) | £ K for all t § 0. 

2 

Proof . Let C=C([0,»), R) be the space of all continuous functions 
2 

(p! [0,-) -» R . Let C have the topology of uniform convergence on 


% 



compact subnets of th»* interval 0 5 t < «» Define 


S " [(? e Cl |«p(t)| 2? K for all t ? 0), 

For any 9 c S d'-fino 

t 

(f<^)(t) = / R N (t-s){cp(s) - Gjy(s,q>(s)))ds. 
o 1 

Clearly, M! S C and M is completely continuous. Since the norm 

|> h 2 |}, then (A4), 
Lemma 1 parts (ii) and (iii) and the definitions of S and M 
easily imply that | (Mp)(t)| 5 K for all t >- 0. This means that 
Mp € S if q) e S. By the Schauder fixed point theorem the operator 
M has at least one fixed point x(t). This fixed point solves (E^) 
on 0 ^ t < oo and thus also v Ives (E). Q.E.D. 

It can be shown that if <J is defined by (1.8) then (a4) 
is true. More generally assume! 

(A4») GftjX^Xg) = col (g(t,x x ), g(t,x 2 )) for all 
(t,x^,Xg) e R . Moreover, g(t,z) is an odd, 

nondecreasing function of z and is bounded 
* ** 

in t € R*' uniformly for z on compact sub- 
sets of R^. 

Lemma 3« Suppose G satisfies (A3) and (a4*). Let B = 

sup (j f (t)| ! t s o] . Then for any M > J2B and for any c in the 


z| = | (z-^Zg)! is defined by |z| = max (|z^ 



ran^v 0 < S B th>'*i**,* c*; { cts II > 0 sneh 




PC 


\h) in tr?*o wHh 


K M •! e . 

Proof. Fix any frr*h vanes of M and C. Pick N > 0 so l&r^j 
that 2|g(t,z)| < i;S uniformly in t > 0 and | z| S 5M. The map 

ws u - G^(t,ii) may he written in the form 


(4.i) 


- u L = -te(t, (u^vig )/Vs + f x (t)) 

+ g(-b, (u 1 -Ug)/'/a + f 2 (t))}/(V 2 N) 


and 


(4.2) 


Vjr 


- Up = -Cg(t, (u^Ug)/ V 2 + f., (t)) 


2 2 


g(t,(n r u 2 W2 + f 2 (t))}/(V2N) 

for all t § 0. 

If |u| = max (|uj, | | } ^ M then for any t one has 

| (uj+u 2 )/aT 2 + F 1 (t)|, | (u^Ug)/^ + Fg (t) | g V"2M + M g 5M. 
Thus (4.1) and the choice of N imply 


wj < |uj + [e/V 2 + e/ V 2 )/a /2 g m + e. 


Similarly, | Wg | < M + S . 



O’. 


I, T cw ecc.iu'ivi’ 




rc'sj on 


P " (u c 


„P. 


M 




M + e). 


Wc* Rwcti ch^v; the . if u c P then 
j si 0, 1,?, . . *,7 define 

2 

S j ” C (Uji^iig) e H I 12 1 + iu g - 
some 0 in (j~I)(7r/2) S 


v | , | v. r 2 ! < M + 8. For 
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re for some r > 0 and 
Q < Jtt/2) 


and define D - D n S.. Since g(t,x) is an odd, nondecreasing 
3 3 

function of x with g(t,0) - 0, then the man G-(t, z-^Zg) = 
col (g(t,x^), g(t,x 2 ) maps each region into itself. Also re- 

call that 


0 N (t,z) = Qff(t,Qz+f(t))/N. 


If v\ e D^, then (3.2) implies that v = Qu 
B < m/tTS and jf(t.)| ^ B, then y = v + f(t) lies 
Sq. Again Q maps S 1 -» S^, Sg -> Sg and Sg S 2 


e D^. Since 
in S 1 , S 2 or 
so that 


Z = Qx = QG(t,Qu+f(t))/N = G N (t,u) 


is in S^Sg or Sg. Finally, (4.1-2) show that 
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Z = 0 N (t,u) « w - u. 


If Z - G^(t,u) is in or Sg, then the right hsnd 

sides of (4.1) and (4,2) both lie in the range (-6,0) «. Since 
u e D 1 , then M < u^ * M + C and 0 £ u g £ M + 6. Therefore, 


lies in the range 0<M-6<w^<M+e and 

W 2 ~ U 1 + Z 2 

lies in the range . -g < Wg < M + 6. Therefore, |w| ^ M + S« 

Now suppose u e and z = G^(t,u) e Sg. Since |f(t)J 
^ B < M/ V2* one must have M < u^ £ M + S and 0 ^ I ^2B < M 
in order that Z e Sq« Therefore, the right hand side of (4.1) is 
in the range (-6,0) and the right hand side of (4.2) in the range 
(0,e). This and u^ c mean that M-C<w^<M+6 and 

e <¥ 2 s t[2 b + e < m + e. 

The analysis of the other seven regions Sg,S^, 000 ,Sg 
follow in a similar manner. The various maps involved in the 
analysis are illustrated in Figure 1. Q.E.D. 


(Printers! Put Figure 1 near here.) 


Corollary 1. Suppose (Al-3), (A4 ' ) , (3.2) and (3.3) are true . If 
G is sufficiently smooth to insure the uniqueness of the solution 
x(t) of (E) then x(t) exists for all t § 0 and satisfies 


| Q(x(t) - f(t)}| g (0 I t < «) 

« 

where B = sup { | f (t) | ! 0 g t < «) „ 

Proof . By Lemma 3 and Theorem 4 above the solution x(t) satisfies 
sup ( | Q{x(t) - f(t))|: t § 0} g M + 8 


for each 6 > 0 and each M > V^Bo 


Q,o E o D • 
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5. Almost Periodic Solutions 

Tlie purpose of this section is to study the existence and 
uniqueness of almost periodic solutions of equations of the form 
(1.10) • First, we give appropriate definitions and background in- 
formation concerning almost periodic functions. The first result in 
this section (Theorem 5 ) asserts that if Y(t) is an almost periodic 
solution of (1.10) for some fixed > 0 then it is also a solu- 
tion of (1.10) for all other N > 0„ This result will be important 
since one value of N will be needed to prove existence of almost 
periodic solutions of (1.10) and a second value of N will be 
needed to obtain uniqueness and prove the asymptotic relationships 
between solutions of (E^) and (1.10). 

The rest of section is devoted to the existence and 
uniqueness of almost periodic solutions of (1.10). Lemma 4 is an 
invariance theorem for bounded solutions of (1.10). Lemma 5 asserts 
the uniqueness of bounded solutions of (1.10). The last result of 
the section asserts that the unique bounded solution of (1.10) is 
almost periodic. 


Definition. A continuous function S(t,x) defined for all (t,x) € 
rH"l * 

R is called almost periodic in t (uniformly for x on compact 
sets ) if and only if given any sequence {t^} of real numbers there 
exists a subsequence (t^J and a function S*(t,x) such that 


lira. 

k -> 00 


S ^ t+t nk' X ) = 



w ith convergence uniform in (t,x) for all t e R 1 and x on 
compac t subsets of H n . In this case we write S e AP. 

The sot of all functions S* which may be obtained in this 
way is called the closed hull of S, written CH(S). 

9 

As general references on almost periodic functions see the 
hooks of Favard [it ] and Besicovitch [15] or the original papers of 
Bohr [16] . The results listed below are well-known results in this 
field* 

Given a function S(t_,x) which is almost periodic in t 
uniformly for x on compact sets define FM(S) to be the set of 
all A.P. functions f (t) with range in the same space as S and 
satisfying the following condition: 

If (t ) is any real sequence such that (s(t+t n ,x)} is 

a Cauchy sequence uniformly in t e R^ and x on compact 

subsets of R n , then {f(t+t n )) is a Cauchy sequence uni- 

1 

formly in t e R . 

The set FM(S) is called the function module of S. 

Given S € AP there exists a countable set of Fourier ex- 
ponents (A n ) C R 1 and a set ( s n ( x )) of continuous nontrival 
functions such that S has Fourier series 

00 

S(t,x) ~ E S n (x)exp (iT^t). 
n=l 

If S is independent of x, then so are the functions S n * The 
module of S, written M(S), is the additive group of real numbers 
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generated by the sequence (A } of Fourier exponents. In other 

words M(S) is the smallest additive subgroup of R 1 containing the 

set {A } . An almost periodic function f is in the function 
n 

module FM(S) if and only if the Fourier exponents of f are con- 
tained in the module M(s) . 

Let the functions f, A and G satisfy (Al-4) and in 
addition some or all of the following conditions: 


(A5) There exist almost periodic functions p(t) and 
h . (t,x) such that 

lim (f(t)-p(t)} = 0, lim (g (t,x)-h (t,x)} = 0 
t oo t — ^ 00 


with the last limit uniform in x on compact sets 
of R 1 . 

(A 6) For each t e R 1 and for j = 1,2 the function 

h.(t,x) is nondecreasing in x. 

J 

(A7) The functions h^(t,x) and h 2 (t,x) are locally 
Lipschitz continuous in x with Lipschitz con- 
stants independent of t e r\ 



In Theorem 1 above g^(t,x) 
Moreover, (2.1) implies that 


S2(t,x) 


h^x) = h 2 (t,x) 


f^ (t) + C sin (k^(t) ->F 0 /2 + C sin (k^.t) 
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as t -> co. Tlius (A5-7) arc a].l true for this sx>ccial case. Koto 
that (A5) implies that G^x^Xg) has the special form (2.5). 

Under the above assumptions the invariance theorem in 
[17, Theorem 1] implies that the equation 

t 

(E n ) y(t) = / R N (t-s)(y(s)~G N (s,y(s))}ds 

o 

has the limiting form 

t 

(5.1) Y(t) = / R N (t-s)EY(s)-H R (s,Y(s)))ds 

-00 

where H(t,y) = H(* b^y^yg) = col (h 1 (t,y ]L ), h 2 (t,y 2 )) and 

(5.2) H^(t,y) = QH(t,Qy+p(t))/N. 

Theorem 5. Suppose (Al-5), (3.2) and (5.2) are true . Suppose Y(t) 
is any almost periodic solution of (5.1) for some fixed N. If 
Y e FM(H,p) then Y is also a solution of (5.1) for all other 
values of N > 0. 

Proof , Pick any M > 0 with M ^ N. Let be the resolvent of 

NA(t) and S^ the resolvent of MA(t). Write (5.1) in the form 

t 

Y(t) = h(t) + / E H (t-s)(Y(s)-I^(s,Y(s)))ds 


(5.3) 
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whore 


h(t) •-= / \ (t-s)(r(o)-IL (0,Y(s)))aa 

-CO 

CO 

» / R I ^(s)CY(t-s)-I^(t-s,y(t-s))}ds -» 0 
t 

as t -> oo. Let 8^(t) be the Dirac delta function and let 8(t) = 
diagonal (8^(t), 5^(t) ) . If * denotes convolution then (5.3) may 
be written in the form 

Y = h + Rj^CY-QHCQr+pJ/lT}. 

Since QR^Q = S - resolvent of NA(t), then the transformation 
Z = QY puts the equation in the form 

Z = Qh + S n *(Z-H(Z+p)/N), 


or 


(8-S h )*Z = Oil - S M *H(Z+p)/N. 

Applying (S+NA) to both sides one obtains 

Z = (6+M)*Qh - A*H(Z+p) 

= (8+HA)*Qh - (MA)*H(Z+p)/M. 
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Add (MA)*Z to both sides and apply (S~S^) ! 


Z w (8-S M ) x (64*lIA.)-xQh + iy?- {Z-H(Z+p)/i-l} . 
Letting Y » QZ one obtains 

Y » Q(6-S M ).(^-NA),Qh + R M *{Y-Qjr(Qy+p)/M} . 


Note that 


Q(6-S M )*(e+NA)Q = Q(5 -S m +WA-(h/m)(MA-S m ))Q 

= 8 + (1-N/M)QS m Q = 6 + (1-K/M)!^. 

Therefore 


Y = h + (l-H/M^h + 


Writing this equation in the usual form one has 


(5.4) Y(t) = h(t) + f (l-N/M.)yt-s)h(s)ds 


+ I K M (t-s){Y(s)-Ik(s,Y(s))}ds 


for t £ 0. 

Let t n -> w be an increasing sequence such that p(t+t n ) -> 
p(t) and H(t+t n ,y) -» H(t,y) as n -> oo. Since Y e FM(H,p), then 
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Y(t+t ) -> Y(t) as n -» w. Note that h(t) -> 0 as t -> « and 
R. t e L“ (0,co) implies that h(t) *i (14-l/M)R^*h(t) ~> 0 as t -> «. 
Replacing t by t + t in (5*4) yields 

Y(t-l t n ) « h(t+t n ) + (l-N/M)F^h(t+t n ) 
t 

+ / R I ,(t-s)(Y(s+t n )-H M (s+t m ,Y(s-i‘t n ))}ds. 

fating the limit as n -> » gives (5*1) with N replaced by M. Q.E.D. 

We now turn to the existence-uniqueness problem. The fol- 
lowing lemma will be needed. 

Lemma 4. Suppose (5.2), (Al-3) and (A5) are true . Suppose (5.1) 
has a bounded solution y(t) on -» < t < °o. Then given any 
sequence {t^} of real numbers there exists a subsequence (t^} , 
a function (H^)* e CH(H^) and a function y*(t) such that 

y( t+t nk) “*y*ft)> V t+t nk' y ) -*I§(t,y) 

and 

t 

(5.5) y*(t) = / Rjy(t-s) (y* (s)-H^(s,y* (s) )}ds (-« < t < »). 

— 00 


Proof , If (t n ) contains a subsequence which tends to a finite 
limit point t, then the result is trivial with y*(t) = y(t+T) and 


"A 


H*(t,y) « H K (UT ; y). xii J'CtC’j'Of (tlJSVMQ t ' n * r >l' w * Gl'hOC p(t) Gllll 
H(t,y) arc oJMOtit periodic in t, then there in r\ fiybooqu-uce (which 
we shall a.l go ind'^v by n) end functions p* e CH(p), H v c CH(IF) 
such that p(U li n ) -> p A ’(t) Gild H(t*t ,y) -> H >: (i,y) . Then 


H N ^ V y ) ~ Qii ( U \> QW ) )/!■ 

-> Qjr x '(t,Qy+p*(t))/K - Hg(t,y). 


Since y(t) is bounded and H is AP, then |y(t) - 

(t , y ("b ) ) [ is bounded on < t < ». The convolution of a func- 

tion in L (-*»,«>) and a function of class L (-»,«>) results in a 

bounded uniformly continuous function. Since y(t) solves (5*1), 

then y(t) must be uniformly continuous. This in turn means that 

the sequence {y(t+t )} is a uniformly bounded, equicontinuous 

family of functions on each finite subinterval of R 1 . By possibly 

taking a subsequence we may assume that y (t+t^) -»y*(t) as n -» oo 

for some function y*. Replacing t by t + t in (5.1) one 

n 

obtains 


t 


y(t+t n ) = / Bjj(t-s)(y(s+t n ) - H w (s+t n ,y(s+t n ))}ds 
-00 


taking the limit as n -» « gives (5.5). Q.E.D. 




Lemma 5« Assume the hypotheses of Lemma 4. Assume (A6-7) are also 



’JC 


If Vt > 0 in ntiy c^py on a b ound 


fey ;/{•».) r-ii'i t h** h‘p:> ‘h * t n <v? H, tjivii y(t) is th 

lllil* *r*0 b* '■ -:V J<r id fi» f v-ti €a of (i;.l). 


***•-. IRMHLrMCWUM. 3»t * 


(•-»*•* H* nr » «M » Mt* w.* -- : 


is-oof. Supione tlmro e:slnt two distinct eol.«t: { cain y(t) and z(t) 
of (^.i)« HoJ; a flaguenoo t sivsh that 


|y(t n ) - z(t n )| -» L « sup {|y(t)-z(t)| I -oo < t < 00 } . 


By possibly taking a subsequence we may assume that y(t n ) - z(t ) 
-> u q as n -> 00 where u q is some point on the boundary of the 
square (u! |u| f. I.)* By possibly talcing another subsequence 
Lemma 8 insures that H^t-i-t^y) ->H^(t,y), y(t+t n ) ->y*(t) and 
z(t+t ) -> z*(t) where e CH(H^) and y* and z* solve (5,5). 
Clearly satisfies the same hypotheses as Moreover, u o = 

y*(0) - z*(0) = lim (y(t n )-z(t n )} as n -» 00 . Thus we have reduced 
the problem to the case where |y(0)-z(0)| = L = sup (|y(t)-z(t)| : 
-00 < t < w) . 

The two components of b(t,y) = y - H-j(t,y) have the form 

(5.7a) b x (t,y) = y x - (^(t, (y-j+yg)/ •Js + P x (t)) 

+ h a (t, (y r y g)/ VT+ p 2 (t)))/(</2 H) 


and 



(5. To) 


Yj 




r y 2 - cyMy^/Va + p x W) 
-h p (t, (y-.-yJ/'/a -i p^(t))}/(A,/?j.)« 

fc* JU foi U) 


Set u(t) " y(fc) - 7 (t ) arid dei'j no 

(9*8n) n^Ct) - {h 1 (t, (y x (t) + y 2 (t))/Vs + 1 ^( 1 )) - h^t, 

(^(t) + * 2 (t)WS + P 1 (t))}((u 1 (t) -i* ^(t ))/^)" 1 


if u^(t) + Ug(t) ^ 0 and m^t) s o if (t) + u g (t) = 0. Since 
u(t) is bounded and (A7) is true, then m^(t) e L (-«,»). Moreover, 
m^t) ? 0 by (A 6), Similarly define 


(5.8b) m 2 (t) = ih 2 (t,(y 1 (t) - y 2 (t ))/Vs + P 2 (t)) - 

h 2 (t,(ss 1 (t) - z g (t ))/V2 + P 2 (t))}((u 1 (t) - UgOt))///?}' 1 

if u^t) ^ Ug(t) anu ip (t) = 0 otherwise. Since u(t) - y(t) - 
z(t), then (5 oil , £-*2 CM ^ imply that 

(5.9a) e (t) / * ({1 - (m^s) + » 2 (s) )/H}u 1 (c) 

4 Um p (s) - m 1 (s))/N}u 2 (s))ds 


and 


(5.9b) 


u 2 (t) = / Twft-sMttragCs) - ”> 1 (£ : ))/N)u :l (s) 


-00 


+ (1 - (m-^(s) + m 2 (s))/N}u 2 (s))ds 


for all t an r\ 


In system form (5»9) becomes 



t 

(9.9') u(t) « / R. J (t-s)(l'-M(s)/R)u(s)dr; 

-CO 

where M(s) .is the appropriate matrix. 

Pick N > 0 so large that 0 £ m^(t), m 2 (t) £ If/5 a.e. 
on -co < t < oo. For any fixed s the map u - (I-M(s)/N)u maps 
the square 


S = (u! |uj , |ug| S L} 

into the region 

S' = (ul luj , |ng| £ L max {l-2m 1 (s)/N, l-2m 2 (s)}). 

Since 0 ^ 2nr (s)/N ^ 2/5 (by the choice of N), then S’ C S. 
Using the properties of obtained in Lemma 2, (5.6) and (5.9b) 

it follows that 

*fc 00 

|^(t)| £ / 7^ N (t-s)Lds = L / ^ 2N (s)ds = L 0 < L * 

-oo O 

Letting t =; 0 we see that |u 2 (0)j < L. Therefore, u(t) is in 
the set 


S o = (us |u 1 | g L, lugl g L q }. 
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Sinoo u « (l-M(r)/l.) u maps S strictly inside of the square S, 
say |u| i' f5i:«(0 < 0 < 1), then for any t line (5.9*0 iraplies that 


t 


00 


I «! (t) | r. / 


-CO 


« (/ Ay (s)aii)(pi,) PL < L. 
o 1 


Therefore., |u^(0)| < L and | u^ (o) | <L which contradicts 
| u(0) | *s max (|u a (0)|, |ug(0)|} = L. Q.E.D. 


Theorem 6. Suppose the hypotheses of Lemma 4 are true . Then 
y(t) e FM(lI,p) so that in particular y e AP. Moreover , y(t) solves 
each equation of the (5.3.) for all N > 0 and for N sufficiently 
large is the unique bounded solution of (5.1). 


Proof. Fix N > 0 and large. Let (t } be any real sequence such 
that (p(t+t n )} and (H(t+t ,y)) are Cauchy sequences, p(t+t n ) -» 
P*(t) € CH(p) and H(t+t ,y) -^H x ‘(t,y) € CH(H). It must be shown 
that (y(t+t )} is a Cauchy sequence uniformly in t c r\ Suppose 
this is not true. Then there exists e > 0, subsequences and 

m^, and a sequence such that > m^ l k and 

• y( vWl s € - Define 


- \ + *nk' S 1f - T lr + ^ 


By possibly taking a subsequence of the k f s it follows that 



H *(t*i’T k ,y) ->H 0 (t,y), p' x (t-!-r k ) ->p Q (t) 
for some functions II o CIl(H' x ‘) and p c C!H(p*‘) . Tlion p(t-i-T, ) ~ 

0 0 iv 

->P D (t) and 

H(t+T k .y) .. H(t-i-r )! .+t nk ) ->H o (t,y) 

as k -> co. Similarly p(t-i-S k ) ->p Q (t) and H(t-t-S k ,y) ->H Q (t,y). 

By Lemma 4 there exists a subsequence (which will again he 
indexed hy k) and functions y^(t) and y^(t) such that 
y(t-i-s k ) ->y 1 (t), y(t+T k ) ->y 2 (t) and 

t 

y^ (t) = I H N (t-s)(y j .(s) - (H 0 ) w (s,y^.(s))}ds 

1 

for j = 1,2 and t e R . Since 

\y±(o) " y 2^ 0 ^ = lim l y ^ s ^ " y( T k)l - e > 

k -> oo 

then y 1 (t) ^ y 2 (t). But this violates the uniqueness asserted in 
Lemma This contradiction shows that y e FM(H,p). Theorem 5 
shoves that y solves (5.1) for all N > 0. The uniqueness of y 
is Lemma 5. Q.E.D. 
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6. Proof of Theorem 1 e.ud Generalizations • 

Lemma 6. S uppose (Al-7) £’2li (3.2) are t rue. T hen for any II > 0 
equation (5- ) l ac a t g-. sk one bour hk-Jl soluti on. In particiil nr 3 
then (3.1) has a s olution Y e Fi«l(H,p) , 


Proof . By Tneoruu 1 equation (K) has a bounded solution x(t). 

Since (K) is equivalent to (K^) for all N > 0, then each (E^_) has 
the same bounded solution. The results in [17] imply the existence 
of at least one bounded solution of (5.1) for any 1J > 0. Now apply 
Theorem 6. Q.E.D. 


Theorem 7» Suppose (Al-7) and (3*2) are true . Then there exists a 
unique function X e FM(H,p) such that if x(t) is any bounded 
solution of (E) then x(t) - X(t) -> 0 as t -» «„ 

Proof . Let Y e FM(H,p) be the function given by Lemma 6. Define 
X(t) ss QY(t) + p(t) and y(t) = Q(x(t) - f(t))„ We must show that 
x(t) - X(t) -» 0 as t -> oo or equivalently that y(t) - Y(t) -> 0. 

If this is not true, then there exists an € > 0 and a sequence 
t n -* 00 such that |y(t ) - Y(t n )| - € * By 3 we may assume 

that P(t+t n ) -»P*(t), H(t+t n ,y) ->H*(t,y) and Y(t+t n ) -»Y*(t) as 
n -> co where p* e CH(p), H* € CH(H) and Y* solves (5.5). Write 
(E^) in the form 



t 


y(t) « I'l(t) 4 / R^t s){y(s) - II N (s,y(s)}dr., 


whore 


t 

E(t) - / lyt-s )(II M (s,y(s)) - G N (s,y(s)))ds. 
o 

Assumption (AD), ( 5 * 5 ) and (5.2) insure that ir (t,y(t) ) - G^(t,y(t)) 

1 

-» 0 as t -> oo. since e L’ (0,»), then E(t) -> 0 as t -> <». 
Therefore, Theorem 1 of [17] implies that by possibly taking a sub- 
sequence of t one has y(tit n ) -> y*(t) where y*(t) solves 
( 5 . 5 ) for the same value of N. By uniqueness of solutions of ( 5 * 5 ) 
for large N, y*(t) = Y' x '(t) . On the other hand 


| y*(0) - Y*(0)| a lim |y(t n ) - Y(t n )| § e > 0. 

n 

. This contradiction proves the theorem. Q.E.D. 


Theorem 8 . Under the hypotheses of Theorem 7 the function H(t,X(t)) 
has mean value zero . Moreover , if the mean values of p^(t) and 
Pg(t) are equal then the two components of X(t) have equal mean 
values . 


Proof. Recall that for any <p(t) € AP the mean value of 9 is 


defined to be 



'SjO 


m(q>) r= lii.i 


-1 


T 


■“> CO 


T 

/ 9(s) ds. 

o 


Since Y(t) •• Q(X(t) - p(t) ) , then Y solver, (5.1) on -«> < t < w. 

Thhiny moan values of both sides of (J>.1) one obtains 


( 6 . 1 ) 


m(Y) =, P*(o)(n(y) - 


iv 


where R^(co) is the Fourier transform of R^ T . By Lemma 1 above 


Rj-(O) = diagonal (1, lTp(l+Np)“ 1 ) 


where 


00 

p = / {a (t) - a (t)}dt. 
o 

Write Y(t) = col (Y^t), Y^ (t) ) . Then the equation in the 
first component of (6.1) is 


m(Y 1 ) « m^) 



Therefore, ^(H^) = 0, that is the first component of 

QH(t,Q,Y (t) + p(t))/w = QJi(t,X(t) )/N has mean value zero. The second 


component of (6.1) is 

m(Y 2 ) = Np(l+NP)‘ 1 m(Y 2 ) - m^), 
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or 

(6.2) m(H , 0 ) « -E (1#)" ] m(Y 0 ) (0 < N < »). 

Since the left hand side of (6.2) is independent of N, then (6.2) 
can he true for all 1? > 0 only if m(Y g ) « m(H^) = 0. 

We have shown that the mean value of 

i^(t,Y(t)) = Qjr(t,Qy(t) + p(t))/N 
= QH(t,X(t))/N 

is the zero vector. Since Q is not singular and N ^ 0, then 
H(t,X(t)) also have mean value zero. We have also shown that 

m(Y 2 ) » m ( X 1 - X 2 -P 1 + P 2 )/ ^ " °> 

that is m(X 1 -Xg) = m(p 1 ~p 2 ). Since m(p^-p 2 ) = 0, then m(X 1 ) = 
m (Xg ) • Q.E.D. 

Theorem 1 follows as a special case of the results in this 
section. In this special case g(x) = Bx is smooth so that the 
solution of (E) is unique. Assumptions (Al-7) are easily verified 
with p(t) = col. (p (t), P p (t)) having components p.(t) = F /2 
+ c sin (k.t). If k and k p are linearly independent over the 
integers then p(t) is quasiperiodic with fundamental frequences 
(k^,k 2 ). If k^ and kg are linearly dependent then there exist 



* 


in 


integer r. end Mg such that k^ a Mjk^ + Mgk g and k^/Sir is 

the least coiiaaon period of }>(t). In this cane the functions X. 
in (1*9) w:U 3 have* th r * form 


CO 


X (t) - X, exp (in(M i k 1 +M^kg)t} 


If u(t,x) is the function defined by (1.5) and X. the 

J 

functions defined "by (1.9) then 


(6.5a) u(t,0) = Xjt) + E x (t) 

and 


(6.5b) 


u(t,L) = X 2 (t) + E 2 (t) 


where X 1 and X 2 both have the same mean value, w .(t) e C[0,oo) n 
1 * 1 

C (0,«), d/dt E.(t) is L near t = 0 and E.(t) -»0 as t -> oo. 

0 0 

Therefore, one would conjecture that 


. lim u(t,x) = U(t,x) 

t — » 00 

where U solves the problem 

(6.4) U, = - U (-00 < t < ~ 0 < x < L) 

o xx * 

u(t,0) = X x (t), U(t,L) = X 2 (t) (-« < t < ~). 


Similarly u(t,x) satisfies boundary conditions of the form 




&/b:(t,0) ---■ B (Xj (t) - C sin (fc^t)} 5 + E. ( (t) 


h2 


and 

da/ck(t,L) « ~B(Xg(t) - C sin (kgt)}*^ + Eg(t), 

for all t 0. Hero E^ and Eg have the same properties as the 

corresponding terms in (6„2) and the two functions 

B(X.(t) - C sin (k.(t)p have mean value zero. If it is true that 
d d 

u(t,x) tends to a solution U of ( 6 . 4 ) then U(t,x) should also 
satisfy the Boundary conditions 

3u/3x(t,0) = B(X 1 (t) - C sin (k,t)}^ 


and 


&j/<k(t,L) = -B(Xg(t) - C sin (kg(t)) 5 , 


for -oo < t < «). 
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FIGURE I 
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